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This paper presents a theoretical investigation of the phenomenon of diffusion-dominated shrinking of a
nanoparticle suspension droplet in a surrounding liquid of a different substance. The shrinking is con-
trolled thermally by enhancing the solubility of the droplet into the surrounding medium. The model
is based on the transport equations for mass, momentum and energy in spherical coordinates, consider-
ing all important thermophysical phenomena such as the transfer of energy and species over the moving
interface as well as particle transport and diffusion processes within the droplet and the surrounding
medium. Solutions for the interface velocity and the velocity fields are obtained, describing the diffusive
nature of the problem.
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1. Introduction

In recent years, liquid suspensions containing nanoparticles
(nanoinks) gained significant importance in science and engineer-
ing. Their unique thermophysical properties, such as a drastically
reduced melting temperature of the nanoparticles compared to
their bulk counterpart [1,2], allow for novel methods in the manu-
facturing of nano- and microelectronic devices. These include the
mask-less writing of electrically conducting circuits on tempera-
ture sensitive organic substrates [3,4], the assembly of flexible
nanoscale transistors [5,6] or the soldering of carbon nanotubes
on metal pads [7]. For this purpose nanoink is printed on flexible
or rigid surfaces with a drop-on-demand ink jet technology or with
a fountain pen method and treated with a laser to evaporate the
solvent and to coalesce the particles [8–10]. Previously it was
experimentally shown that further pattern size reduction can be
achieved if the nanoink is surrounded by an initially immiscible
secondary liquid, such as water, and by thermally increasing the
solubility of the nanoink into the surroundings, causing shrinking
and dewetting of the deposited nanoink structure [11]. In addition,
nanoparticle suspension liquids exhibit a strongly enhanced ther-
mal conductivity. This phenomenon can be exploited in the ther-
mal management of MEMS devices [12,13].

Despite the large range of potential applications in thermal
nano-manufacturing and life science, the fundamental thermo-
physical aspects of nanofluidics, especially surface effects, are still
ll rights reserved.
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poorly understood. The present basic research work is a step in the
direction of remedying this deficiency. It presents a comprehensive
model of the diffusive transport mechanisms present in a nanoink
droplet consisting of gold nanoparticles suspended in toluene and
surrounded by a large pool of liquid (water) in which toluene is
only marginally soluble at room temperature. Therefore, hardly
any toluene diffuses into the surrounding water phase at ambient
conditions despite the initially steep concentration gradient at the
interface between the nanoink droplet and the water. The diffusion
process can be augmented by heating the fluids, hence, increasing
the solubility of toluene in water [14,15]. The present work focuses
on the convective and diffusive particle transport as well as the
mass, momentum (capillarity) and energy transfer across the
interface.

The heat and mass transfer present in spherical droplets or bub-
bles with moving interfaces has been intensively investigated
throughout a wide range of research fields. The present work, em-
ploys the fundamental equations of a bubble growth model origi-
nally developed by Scriven [16] enhanced to describe droplet
shrinkage and combined with a nanofluidic transport model intro-
duced by Buongiorno [17] to account for the convective and diffu-
sive nanoparticle transport within the nanoink droplet. In his work,
Buongiorno identifies thermophoresis and Brownian diffusion as
the major slip mechanisms causing nanoparticle transport relative
to the embedding liquid and develops from this finding a two com-
ponent mixture model.

In this paper, we investigate the influence of different scenarios
on the movement of the interface, i.e. we predict the evolution of
the shrinking process in time. These scenarios are the extent of
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Nomenclature

Latin symbols
A Droplet surface (m2)
c Heat capacity (J kg�1 K�1)
DB Brownian diffusion coefficient (m2 s�1)
DT Thermal diffusion coefficient (m2 s�1)
DWT Diffusion coefficient, water in toluene (m2 s�1)
E Energy (J)
e Internal energy (J kg�1)
h Enthalpy (J kg�1)
j Mass flux density (kg m�2 s�1)
_m Mass flow (kg s�1)

m Mass (kg)
p,} Pressure (Pa), (–)
r,x Radial coordinate (m), (–)
R,X Droplet radius (m), (–)
_R; _X Velocity of the interface (m s�1), (–)
T Temperature (K)
t Time (s)
u Velocity (m s�1)
qS Source term (W m�3)

Greek symbols
c Surface tension (N m�1)
d Phase thickness (–)
g Radial Landau coordinate (–)
h Temperature (–)
k Thermal conductivity (W m�1 K�1)
l Dynamic viscosity (kg m�1 s�1)
q Density (kg m�3)
s Time (–)
w, u Volumetric fraction (–), (–)
/T Volumetric solubility of toluene in water (–)

Subscripts
i Phase index
IF Interface
P Particle
T Toluene
W Water
0 Initial
1 Phase 1: nanoink droplet
2 Phase 2: water
1 Infinity

Fig. 1. Schematic of the nanoink droplet: The nanoink droplet (phase 1) is initially
surrounded by pure water (phase 2). Toluene is diffusing over the interface into the
water; the droplet shrinks.
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the outer phase for isothermal settings as well as the heating of the
inner or the outer phase. Solutions for the temperature and parti-
cle/solvent concentration fields inside and outside the droplet are
presented.

In the following section, the fundamental transport equation for
mass, momentum and energy for the droplet and its surrounding
as well as two additional equations describing the particle trans-
port and diffusion of toluene in the water phase are introduced
for the spherically symmetric case with particular focus on the spe-
cific boundary conditions at the interface. Based on these equa-
tions, solutions for the velocity field within the droplet and its
surrounding phase can be derived. Only the energy equation and
the concentration equation for both phases have to be solved
numerically. These four equations for both phases are strongly
coupled and have to be computed iteratively. To facilitate the
numerical solution and to immobilize the moving boundary a
transformation proposed by Landau [18] is employed. The solution
procedure is described in Section 3. Results of the calculations as
well as parametric studies on the heating rate can be found in Sec-
tion 4, followed by concluding remarks in Section 5.
2. Problem formulation

The physical system under consideration is presented in Fig. 1.
It consists of the two phases of a binary mixture. The nanoink
(phase 1) is composed of gold nanoparticles and toluene. The initial
particle concentration in the nanoink droplet is assumed to be 1%
in volume. The nanoink droplet is separated by the moving inter-
face from phase 2. The latter is initially pure water and later, after
the initiation of the diffusion process, a mixture of water and the
diffused toluene. The radius of the nanoink droplet under consider-
ation is 60 lm, resulting in a high surface-to-volume ratio
(5 � 105 m�1). These numerical values are in the typical range for
nanoink applications and are chosen as such for the purpose of
numerical calculations as well as in order to determine the impor-
tance of the various terms in the formulation of the mathematical
model of the problem. From the very low Capillary and Weber
numbers (order of magnitude 10�9 and 10�15, respectively) it
follows that surface tension effects dominate the problem. Small
Reynolds numbers of 10�6 indicate a creeping flow regime (large
viscous forces). Therefore convective cells inside the droplet can
be neglected.

The problem can be modeled as spherical symmetric with suffi-
cient accuracy. The fluids are treated as incompressible with no
external body forces. The influence of gravity and natural convec-
tion can be regarded as negligible (the Bond and Rayleigh numbers
are�1.0). The nanoink in phase 1 is considered to be a dilute mix-
ture with no chemical reactions [17]. This means that the pre-
sented model is only applicable for mixtures, where the particle
concentration u is less than 5% in volume. In this study, this is
the case until the nanoink droplet has shrunk to approximately
50–75% of its initial radius. Solutions for the temperature and par-
ticle/solvent concentration fields inside and outside the droplet for
the different cases will be derived in the following.

With the aforementioned assumptions, the continuity equation
for a spherical geometry reduces after integration to [16]:

uir2 ¼ f ðtÞ; ð1Þ
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where ui is the velocity of phase 1 or 2, respectively. The left hand
side of Eq. (1) is only a function of time. The momentum equation
reads:

oui

ot
þ ui

oui

or
¼ � 1

qi

opi

or
: ð2Þ

The viscous term in the momentum equation vanishes for an
incompressible fluid in the spherically symmetric case [19]. The
nanoparticle continuity and energy equations in phase 1 are derived
from Buongiorno [17]. Out of seven slip mechanisms (inertia,
Brownian diffusion, thermophoresis, diffusiophoresis, Magnus ef-
fect, fluid drainage and gravity settling) Brownian diffusion and
thermophoresis are the only relevant for nanoparticle transport.
For the nanoparticle transport in the droplet it follows:

owP;1
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where wP,1 denotes the particle volume fraction, DB,1the Brownian
and DT,1 the temperature-dependent thermal diffusion coefficient
in phase 1. Brownian diffusion and thermophoresis are described
by the first term and the second and third term on the right hand
side, respectively. The energy equation in phase 1 can be written
as:

q1c1
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ð4Þ

where the second term on the right hand side accounts for thermal
transport due to particle motion. The additional volumetric source
term qs is non-zero when the droplet is thermally heated, e.g. by
a laser. In phase 2 an additional equation for the toluene continuity
is solved. According to [20] one can write:
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or
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 !
: ð5Þ

Here, wT,2 and DWT,2 are the volume fraction of toluene and the con-
stant diffusion coefficient of toluene in water. The energy equation
in phase 2 is:
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Again, Eq. (6) has an additional term to describe thermal transport
due to the interdiffusion of the different species [20].

To satisfy conservation of mass at the interface, the overall
mass flux density to the interface in phase 1 (droplet) has to
equal to the total mass flux density form the interface in phase
2 [21,22]:

jtotal ¼ q1;IFðu1ðRÞ � _RÞ ¼ q2;IFðu2ðRÞ � _RÞ; ð7Þ

where _R and qi,IF denotes the velocity of the moving interface and
the corresponding density at the interface. The mass flux density
of toluene at the interface is:

jT;2 ¼ qT;2ðuT;2ðRÞ � _RÞ; ð8Þ

with qT,2 = wT,2q2 being the partial density of toluene at the
interface. The velocity of the toluene uT,2, in (8) reads [20]:
uT;2 ¼ u2ðRÞ �
q2;IF

qT;2
DWT;2

o

or
wT;2

qT

q2

� ������
r¼R

: ð9Þ

By substituting (9) in (8) the mass flux density of toluene at the
interface is derived [22]:

jT;2 ¼ wT;2qTðu2ðRÞ � _RÞ � q2;IFDWT;2
o

or
wT;2

qT

q2

� �����
r¼R

: ð10Þ

The mass flux of particles and water at the interface is set to zero, as
neither nanoparticles nor water are expected to cross the interface.
The gold particles are stabilized by thiol-groups, as it was initially
described by Brust et al. [23]. Due to the thiol-monolayer the gold
particles become hydrophobic and only soluble in the non-polar or-
ganic toluene. The nanoink droplet, consisting of those hydrophobic
nanoparticles and toluene, acts as a homogeneous non-polar and
thus water–repellant system. Hence, practically no water is ex-
pected to diffuse into the nanoink drop. From an energy balance
for a single particle, partially wetted by toluene and water, Levine
et al. [24] concluded that particles are trapped in a deep energy well
at the interface. Surface tension restricts the particles therefore to
leave the nanoink droplet. An overall mass balance of the droplet
states that the variation of the mass of the droplet equals the mass
flux of toluene through the interface [16]:

d
dt
ðmtotal;dropletÞ ¼ � _mT : ð11Þ

Only the mass of the toluene contained in the nanoink droplet
changes with time. The density of the pure toluene qT stays con-
stant. In this case, the temporal variation of the volume of toluene
equals the temporal variation of the total volume of the droplet:

dV
dt
¼ d

dt
ðVP þ VTÞ ¼

d
dt
ðVPÞ|fflfflfflffl{zfflfflfflffl}
¼0

þ d
dt
ðVTÞ; ð12Þ

where VT is the volume of the solvent. Combining Eqs. (11) and (12)
one can derive the following expression for the mass flux density:

jT ¼ �qT
_R: ð13Þ

Substituting Eq. (13) into Eq. (10) yields an expression for the
velocity at the interface in phase 2:

u2ðRÞ ¼ 1� qT
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 !
_Rþ DWT;2
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The combination of Eqs. (14) and (7) results in an expression for the
velocity of the interface:
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q2
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This indicates that the velocity of the interface of the nanoink drop-
let only depends on the diffusion coefficient of toluene in water and
the concentration gradient of toluene at the interface of the sur-
rounding water–toluene mixture (phase 2). Substituting the veloc-
ity of the interface in Eq. (14) and using Eq. (1), an expression for the
velocity field in phase 2 and phase 1 (by combining Eqs. (7) and
(15)) is derived:

uiðrÞ ¼
R2

r2 1� qT

qi;IF

 !
_R: ð16Þ

Substituting Eq. (16) into the momentum Eq. (2) yields the solution
for the pressure at the interface in phase 2. Integrating from the
droplet interface to infinity and accounting for the fact that, that
the velocity of the interface is only dependent on time we obtain:

p2ðRÞ ¼ q2;IF R
d
dt
ðu2ðRÞÞ þ 2u2ðRÞ _R�

1
2

u2ðRÞ2
� �

þ p1: ð17Þ
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The density of phase 2,q2, is considered to be constant because it
only changes marginally. The densities of water and toluene are
in the same range and the maximal solubility of toluene is
3.30 � 10�3, resulting in a maximal density variation of 0.05%. Eval-
uating Eq. (16) at the interface yields the interfacial pressure in
phase 2:

p2ðRÞ ¼ ðq2;IF � qTÞ €RRþ 1
2

3þ qT

q2;IF

 !
_R2

" #
þ p1: ð18Þ

The momentum conservation at the interface results in:

q1;IFu1ðRÞðu1ðRÞ � _RÞ � q2;IF u2ðRÞðu2ðRÞ � _RÞ � s1 þ s2 �
2
R
c ¼ 0;

ð19Þ

where si denotes the stresses imposed on the interface. Assuming
constant density and employing Eq. (16) we obtain at the interface
in phase 1:

p1 ¼ p2 þ q2
T

1
q2;IF

� 1
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þ 4 _R
R
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R
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where li is the dynamic viscosity.
Having derived explicit expressions for the velocity field, Eq.

(16), the pressures and the velocity of the interface, Eqs. (15),
(18) and (20), only the equations for nanoparticle transport, tolu-
ene transport and the energy equation for both liquids need to
be solved numerically. In order to solve these 4 coupled equations,
boundary conditions at the center of the droplet, the interface and
at r ?1 are needed. For the center of the droplet the usual sym-
metry condition of a horizontal tangent for the temperature and
the concentration profiles are applied.

For the temperature and the concentration at the domain
boundary (r ?1) the following conditions are employed:

d
dr
ðT2Þ

����
r!1
¼ 0; ð21Þ

d
dr

wT;2
qT

q2

� �����
r!1
¼ 0: ð22Þ

The boundary conditions at the moving interface are more involved.
The interface is assumed at every instant of the process to be in lo-
cal thermal quasi-equilibrium, because the convective and diffusive
time scales are large compared to the timescale required to reach
local quasi-equilibrium. This implies that the temperature on both
sides of the interface is the same (no contact resistance). The second
thermal condition can be derived from an overall energy balance of
the interface. Thermal boundary conditions for two-phase flows
with a moving interface and mass flux through the interface can
be found in [21,22,25]. They differ in the assumptions adopted
and, therefore, in complexity. Herein, the temporal variation of
the interfacial energy is equal to the imbalance in energy transfer
due to mass flux over the interface, heat conduction and the work
done by pressure forces per unit time:

dEIF

dt
¼ d

dt
ðcAÞ ¼ q2;IFAðu2ðRÞ � _RÞðh1 � h2Þ þ k2A

oT
or
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þ p1A _R� p2A _R:

ð23Þ

In Eq. (23) the enthalpy h is used to account for the flow work, i.e.
the energy required to push (extract) mass into (from) the interface.
The last two terms on the right hand side account for the volumetric
work per unit time needed to move the interface with a velocity _R
against a pressure difference. Dissipation, kinetic energies and the
influence of the heat of solution (the amount of transferred mass
is very low) are neglected. Substituting hi ¼ ei þ pi

qi
, with ei as the

internal energy, and q2ðu2ðRÞ � _RÞ ¼ �qT
_R results in:

_cþ c
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: ð24Þ

Only the internal energy of the toluene eT is taken into account, be-
cause it is the only species traveling over the interface. Considering
that the internal energy of the toluene does not change during the
transport over the interface (the interface is in local thermal equi-
librium) and with the help of Eq. (16) one can write for the heat flux
boundary condition:

_c ¼ u1ðRÞp1 � u2ðRÞp2 þ k2
oT
or

����
r¼R

� k1
oT
or

����
r¼R

� c
2 _R
R
: ð25Þ

The volumetric concentration at the interface is set equal to the sol-
ubility of toluene /T in water which is temperature dependent.

wT;2ðRÞ ¼ /TðT2Þ: ð26Þ

In addition, one has to ensure that the mass flux of toluene from
phase 1 to the interface is the same as the mass flux from the inter-
face into phase 2 (no mass accumulation at the interface possible).
An equivalent but simpler condition is to set the mass flux of nano-
particles across interface to zero since the nanoparticles do not dif-
fuse over the interface into phase 2. This leads with the help of Eq.
(16) to:
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It should be emphasized that the second term on the left hand side
of Eq. (27) accounts for the variation of the bulk density q1 at the
interface, which is not negligible. In all other equations spatial den-
sity changes are very low and can be neglected. The energy Eqs. (4),
(6), and the species conservation Eqs. (3), (5), can now be solved
with respect to the boundary conditions (20, 21), (25)–(27) as well
as symmetry condition at the origin. One obtains a solution for the
temperature field as well as the particle and toluene concentration
fields within the droplet (phase 1) and the surrounding water
(phase 2), respectively. Knowing the concentration fields, the inter-
face velocity and location can be computed in a second step with Eq.
(15).
3. Numerical model

The following dimensionless concentration, time, radial coordi-
nate and temperature, pressure and position of the interface are
introduced for the numerical simulation:

ui ¼
wi

w0
; s ¼ D0t

R2
0

; x ¼ r
R0

; hi ¼
Ti � T1

DT
; X ¼ R

R0
; } ¼ pR2

0

qW D2
0

;

ð28Þ

w0, R0, D0, DT are the initial concentration of toluene at the inter-
face, the initial position of the interface, the diffusion coefficient
of toluene in water and a reference temperature difference, respec-
tively. X is the non-dimensional position of the moving interface. In
order to facilitate the numerical solution of the moving boundary
problem, a new coordinate system with fixed spatial boundaries



226 M. Fischer et al. / International Journal of Heat and Mass Transfer 52 (2009) 222–231
is introduced. The transformation was initially proposed by Landau
[18] and since then it was widely used in problems involving mov-
ing boundaries in a spherically symmetric setup, e.g. [26–29]. The
Landau-coordinates are:

g1ðx; sÞ ¼
x

d1ðsÞ
¼ x

XðsÞ g2ðx; sÞ ¼
x� XðsÞ

d2ðsÞ
¼ x� XðsÞ

X1 � XðsÞ ; ð29Þ

with the time dependent position of the moving interface X(s) and
thickness of phase 1 and 2, d1(s) and d2(s), respectively. The two
phases are now defined as:

Phase 1 : 0 6 g1 6 1 Phase 2 : 0 6 g2 6 1:

Although the Landau transformation introduces more complexity in
the governing equations it has the advantage that standard numer-
ical discretization techniques can be employed. The energy equa-
tions for phases 1 and 2 are:
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The equations for particle transport in the nanoink droplet (phase 1)
and toluene transport in the surrounding fluid (phase 2) are:
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These equations are not only coupled through the concentration-
and temperature-dependent terms in the energy equations and spe-
cies conservation, but also through the boundary conditions at the
interface which are:

uT2;1 ¼ u0ðTÞ ð34Þ
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for the concentration equations. The transformed interfacial bound-
ary conditions for the energy equation are:

h2ðg2 ¼ 0Þ ¼ h1ðg1 ¼ 1Þ ð36Þ

and

oh1

og1

����
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X
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�����
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where dc
ds is the temporal variation in surface tension. The pressure

at the interface }1 is calculated as follows:

}1 ¼ }1 þ
1
q2
� 1

q1

� �
q2

T

qW

_X2 þ 4
X

� 1
qW D0

_X l2 1� qT

q2

� �
� l1 1� qT
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� �� �
þ 2R0c

XqW D2
0

: ð38Þ

The velocity and the position of the interface are updated according
to:

_X ¼ DWT;2

D0

w0

1� qT
q2

uT;2w0

� � 1
d2

ouT;2

og2

2
4

3
5

g2¼0

; ð39Þ

and

dX
ds
¼ _X: ð40Þ

The concentration and temperature fields are numerically solved by
means of a finite difference scheme with uniform grid spacing. For
the convective and diffusive terms a second order Central differenc-
ing scheme is used. Fictitious nodes are introduced at the bound-
aries to allow for order consistency [30]. An implicit Euler scheme
is used for the discretization in time of the concentration and tem-
perature fields. The position of the interface is updated employing a
4th order Adams–Bashforth scheme [31]. The coupled equations are
solved iteratively. In every time step the procedure is:

1. Solution of the toluene concentration in the surrounding water
(phase 2), Eq. (33) with (34) as boundary conditions at the
interface.

2. Calculation of the velocity of the interface and update of the
new position of the interface, Eqs. (39) and (40).

3. Solution of the temperature field in the nanoink droplet (phase
1) and phase 2, Eqs. (30) and (31). These equations are coupled
through the thermal boundary conditions (36) and (37).

4. Solution of the nanoparticle concentration in the droplet (phase
1), (32) with boundary condition (35).

The iteration within every time step is executed until the resid-
uals are below a certain limit (max. 10�14).

The simulation program was thoroughly validated in test cases.
Results of calculations with a fixed droplet radius and the absence
of thermophoresis and Brownian diffusion were compared with
analytical solutions and showed excellent agreement. The analyti-
cal solutions for the equation of thermal conduction for a sphere
(phase 1) and a hollow spherical body (phase 2) with constant
boundary conditions can be found in the textbook by Carslaw
and Jaeger [32]. Overall mass conservation was monitored
throughout all calculations, showing practically no mass leakage.
Values of the error are in the range between 5.71 � 10�5 and
4.10 � 10�3 for the isothermal and the non-isothermal case,
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respectively. Grid independence was ensured in parametric stud-
ies, resulting in an optimal number of 200 grid points for both
phases. The time step is varied throughout the calculation depend-
ing on the convergence rate, with a maximal time step size of
1.0 � 10�3. The calculated position of the interface was compared
to an analytical solution, derived from Eq. (18), by assuming con-
stant pressure p1 and density in phase 2:

X ¼ X0

_X0

_X

 !1=n

; ð41Þ

with n = 0.5(1 + qT/q2). The derivation is discussed in detail in
Appendix A.

Calculations where performed using typical values for density,
conductivity and viscosity for the pure components [33]. Density,
heat capacity, viscosity and thermal conductivity of the nanoink
(phase 1) and the water–toluene mixture (phase 2) where calcu-
lated using standard mixture laws [17]. The interfacial tension
was estimated by comparing own measurements of the surface
tension of nanoink–air with literature values of the surface tension
of water–air and water–toluene [34,35]. The measured surface ten-
sion of nanoink lies in the same range as the surface tension of tol-
uene. To obtain values for the interfacial tension of nanoink–water,
these values were compared to those of toluene–water.

The initial volume fraction of gold nanoparticles in the droplet
was set to 1% for all cases. The concentration of toluene in water
(phase 2) was initially set to zero, with the maximal tempera-
ture-dependent solubility of toluene in water as a boundary condi-
tion at the interface. This jump condition in the numerical model,
theoretically causing an infinite interface velocity at the beginning,
is smoothed out during the calculations. Values of the solubility of
toluene are ranging from 3.05 � 10�4 to 3.30 � 10�3 per volume,
depending on the initial temperature of the interface (for 0� to
80 �C) [15]. In a first step, isothermal conditions were applied
and the radius of the outer phase was varied. In the non-isothermal
conditions, either the temperature of the surrounding water was
set to a higher value than the one of the droplet, or the nanoink
droplet was heated. The radius of the droplet was initially set to
X0 = 1 with zero velocity.

4. Results and discussion

The shrinking process of the droplet was investigated for differ-
ent domain sizes and thermal conditions. First, isothermal calcula-
tions were performed, where the diffusive processes inside and
outside the droplet was investigated for different thicknesses X1
of phase 2 (cases 1–3). The thickness of the domain was varied be-
tween 10 and 40-times of the initial droplet radius X0, Table 1. It
can be seen that the time to shrink a nanoink droplet can be low-
ered slightly when the domain size is doubled (case 2 compared to
case 3). In case 1, the domain extension is too small to allow for the
Table 1
Initial temperature of phase 2, T2,0, extension of phase 2, X1, and the source term for
thermal heating of phase 1, qS

Case T2,0 [�C] X1 [�] qS [W m�3] s75 [�]

1 20 10 0 –
2 20 20 0 442
3 20 40 0 409
4 50 20 0 163
5 60 20 0 114
6 70 20 0 80
7 20 20 1010 217

The isothermal standard case 2 is marked on bold. The time to shrink the droplet to
75% of its original radial extension s75 is given in the last column. The initial
temperature of phase 1, T1,0, was set to 20 �C throughout all calculations.
shrinking of the droplet within a reasonable time. A restriction of
the domain size is, strictly speaking, not valid for the non-isother-
mal calculations. In these cases, a solution of the pressure field in
phase 2 (Eq. (17)) is needed, which in turn requires an infinite
boundary. However, if the thickness of the phase 2 remains larger
than the classical expression for the diffusion length,
xD ¼ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
DWT=D0s

p
throughout the process, the artificial limitation

of the domain will have, even in the non-isothermal cases, only a
minor effect. It has to be noted that this length also determines
the minimal distance nanoink droplets have to have if equations
formulated in the spherical symmetric coordinate system are to re-
main valid.

The concentration fields of the nanoparticles within the droplet
for an isothermal case (case 2) are given in Fig. 2a as a function of
the non-dimensional coordinate x. Calculations were performed
until the droplet shrank to 75% of its initial radius. At this point,
the peak concentration of particles in the droplet reaches about
2.4% in volume. The non-linear increase in nanoparticle concentra-
tion results from the spherical shape of the nanoink droplet. How-
ever, the concentration profile along the radial coordinate is
practically uniform. In Fig. 2b, results are shown for the toluene
concentration in the adjacent water (phase 2). The concentration
profiles exhibit steep gradients at the interface, in particular at
the beginning of the process (s = 0). These gradients are smoothed
Fig. 2. Radial particle and toluene volume fraction for different s in the isothermal
case 2. (a) Particle volume fraction in phase 1 vs. droplet radius (b) Toluene volume
fraction in phase 2 vs. droplet radius.



Fig. 4. Temperature in the nanoink droplet and its surrounding phase at the
beginning of the calculation, s = 4.6 � 10�4 with and without nanoparticles in the
droplet.
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out during the diffusion process of the toluene into the water. The
toluene concentration in the water rises gradually with time. Non-
zero values of concentration at the outer boundary x = 20 indicate
that an increase in domain extension would allow the water to ab-
sorb more toluene, resulting in a faster shrinkage.

In a second step, the temperature in the second phase (water)
was initially set to a higher value than the one in the nanoink drop-
let, with values for T2,0 ranging from 50 to 70 �C (cases 4–6) and fi-
nally the droplet was constantly heated by a heat source (case 7).
The initial conditions are listed in Table 1.

The concentration profiles for the non-isothermal case 5 are de-
picted in Fig. 3. Here, the nanoink droplet is initially at 20� C and is
surrounded by water with a temperature of 60 �C. After s = 114 the
droplet diameter is reduced to 75% of its initial value. Due to the
velocity increase of the moving interface (compared to the isother-
mal case), the particle concentration rises slightly in the vicinity of
the interface, Fig. 3a. Higher solubility of toluene at the interface
results in an increased toluene concentration at the interface com-
pared to the isothermal case 2 (1.8‰ instead of 0.5‰) and a faster
diffusion of toluene into the water phase. This is directly connected
to an increase in interfacial velocity and an augmentation of the
shrinking process by a factor of 4.

The temperature in the nanoink droplet and its surrounding
phase at the beginning of the calculation (s = 4.6 � 10�4) is de-
Fig. 3. Radial particle and toluene volume fraction for different s in the non-
isothermal case 5 (T2,0 = 60 �C). (a) Particle volume fraction in phase 1 vs. droplet
radius (b) Toluene volume fraction in phase 2 vs. droplet radius.
picted in Fig. 4 for two different scenarios: A droplet including
nanoparticles (case 5) and a droplet consisting of pure toluene.
One can identify only a slight temperature difference of 1 K from
the center of the droplet to the interface if nanoparticles are pres-
ent. Hence, the temperature in the nanoink droplet is already
equilibrated at this point. In the case where no nanoparticles are
present, the initially steep gradient still prevails with temperature
values from 22� to 53 �C. The thermal relaxation time in the pres-
ence of nanoparticles is significantly lower, emphasizing the
importance of nanoparticles in enhancing the thermal transport.
The nanoparticle concentration is plotted in Fig. 4 as well, showing
a gradient of the concentration at the interface. Under the influ-
ence of the thermal gradient between the surrounding phase and
the droplet, the particles experience a thermophoretic force, push-
ing them toward the colder regions of the droplet. This effect is suf-
ficiently strong such that the particle concentration decays
towards the interface. The particle concentration is slightly in-
creased towards the center of the droplet, to compensate for this
effect.

In Fig. 5, the particle concentration shortly after the initiation of
the process (s = 0.02) is plotted for the isothermal and the non-
Fig. 5. Particle volume fraction in phase 1 for the isothermal and the non-
isothermal case (cases 2 and 5, respectively) at s = 0.02.





Fig. 9. Total mass transferred over the interface as a function of dimensionless time
s for cases 1–7.
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shrinkage times are also listed in the last column of Table 1. The
rate of radial decrease in Fig. 8 is nearly linear in the cases 2–7.
In case 1, (X0 = 10) the behavior is non-linear. In this case, the ex-
tent of phase 2 is limited to only 10 times of the initial radius. This
means that the toluene accumulation in the water phase reaches a
level where the concentration gradients and therefore the toluene
transport rate are decreasing significantly. Hence, the further tolu-
ene transport away from the interface is not taking place
effectively.

The total amount of toluene diffused over the interface is plot-
ted in Fig. 9 as a function of time. It can be seen that the mass
transfer is accelerated by a factor of 2–5 in cases where the water
is initially set to a higher temperature or where the droplet is
heated (cases 4–7). Therefore, an initial water temperature of
70 �C gives the best performance, but a temperature of 50 �C or
heating the droplet still accelerate the shrinking process signifi-
cantly. An increased mass transfer compared to the isothermal
cases is directly related to the higher solubility of toluene in water.
As mentioned above, another possibility to increase the mass
transfer and the amount of toluene absorbed by the water was to
increase the thickness X1 of the surrounding water layer (cases
1–3). However, this is only possible to a certain extent. Whereas
an improvement can still be seen between case 1 and case 2
(X0 = 10, 20, respectively), the difference in total transferred mass
between case 2 and case 3 (X0 = 40) is marginal, indicating that
only for values of X1 > 20 the condition of an infinite phase 2 is ful-
filled in the numerical calculations. The diffusion length for the
non-isothermal cases lies in the range of xD = 20. For higher values
of X1 the amount of toluene absorbed in the water would not
increase.

5. Conclusions

The shrinking process of a nanoink droplet surrounded by a sec-
ondary liquid was investigated for different initial thermal
conditions.

At first, the extent of the outer phase was varied between 10
and 40-times of the initial droplet radius whereas the temperature
was kept constant. It was seen that the extent of the outer phase
has an effect on the shrinking dynamics if the thickness of the out-
er phase becomes smaller than the relevant diffusion length.

The outer phase was then set to an initial temperature in the
range between 50 and 70 �C and the strong effect of the thermal
energy on the shrinking was demonstrated. It was seen that the
shrinking process is directly connected to the increasing solubility
of toluene with temperature and the concentration gradient at the
interface with the surrounding water (phase 2). Hence, the shrink-
age can be significantly accelerated by heating the surrounding
phase. The velocity of the interface was found to increase by a fac-
tor of 2–3 and the shrinkage time could be reduced by 50–80%,
compared to isothermal conditions.

Another way to enhance the shrinkage is the heating of the
nanoink droplet. Here, the shrinkage time can be reduced by a fac-
tor of 2 compared to the isothermal case. In the presence of a heat
source, a strong gradient of particle concentration was detected
near the interface, which was mainly caused by the thermophoret-
ic force, pushing the particles towards the colder interface. In this
situation, thermophoresis dominates over the counteracting
Brownian diffusion which typically smoothes out strong concen-
tration gradients.

The influence of thermophoresis and Brownian diffusion of
nanoparticles on the thermal transport and the particle distribu-
tion was demonstrated by comparing a nanoink droplet and a pure
toluene droplet without particles. A clearly enhanced thermal
transport in the nanoink droplet was found.
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Appendix A

To derive an analytical solution for the position of the interface
constant pressure in phase 2 is assumed. With p2 = p1 Eq. (18) re-
duces to:

0 ¼ ðq2 � qTÞ €RRþ 1
2

3þ qT

q2

� �
_R2

	 �
ð42Þ

with

n ¼ 1
2

3þ qT

q2

� �
ð43Þ

and the substitution g ¼ _R ¼ dR
dt as well as d2R

dt2 ¼ g dg
dt follows:

g
dg
dR

Rþ ng2 ¼ 0: ð44Þ

After integration one obtains:

_R
_R0

¼ R
R0

� ��n

: ð45Þ

This yields the following expression for the velocity of the interface
in dimensionless coordinates:

X ¼ X0

_X0

_X

 !1=n

: ð46Þ
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